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Abst rac t - -The  moments of the density of zeros of two new orthogonal polynomial systems, 
called Relativistic Hermite Polynomials {H(n N) (~)}n°°=0 (RHP) and Relativistic Laguerre Polyno- 
oo represented by means of a Cases' method and of a representation mials {L (a'N) (~)}n=o (RLP), are 
formula, introduced by Ricci, in terms of generalized Lucas polynomials of the second kind. By using 
a FORTRAN program, numerical computations are explicitly developed in some particular case. 
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tribution. 
1. INTRODUCTION 
Two new orthogonal polynomial systems, called Relativistic Hermite Polynomials (H  (N) (~)}~=0 
(RHP) and Relativistic Laguerre Polynomials {L (~'N) (~)}~=0 (RLP), have been recently studied. 
The RHP have been found by Aldaya et al. [1] in order to express the wave functions of the 
quantum relativistic harmonic oscillator in configuration space. Subsequently, Natalini [2], by 
means of the RHP, has introduced the RLP. These polynomial systems, both depending on a 
parameter N, represent two examples of polynomial sets which are solutions of a second-order 
linear differential equation of generalized hypergeometric-type (s e [3]), that is a differential 
equation of the form 
a (~) y~ + T (~; n) y" + An Yn = 0, (1.1) 
where a and T are polynomials of degree not greater than 2 and 1, respectively, and An is a 
constant depending on n and such that An = --nT' -- (n(n -- 1)/2) ~". Moreover, the polynomials 
H (N) (~) and L (a'N) (~) reduce to the classical orthogonal Hermite polynomials and to the classical 
orthogonal Laguerre polynomials, respectively, when N --. c~ (nonrelativistic limit). 
In 1980, Case [4] showed a method in order to represent he density of the zeros of eigen- 
functions related to a class of polynomial differential operators by means of the so-called sum 
rules Jr (i). Case used his method in order to study the zeros' distribution of the classical orthog- 
onal polynomials of hypergeometric-type, which satisfy a second-order polynomial differential 
equation of the form 
(~) " Yn + r (~) Yn + An Yn = 0. (1.2) 
Subsequently, Dehesa et al. [5,6] used the method of Case in order to investigate the distribution 
of the zeros of eigenfunctions of polynomial differential operators of higher order. 
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Case and Dehesa consider polynomial solutions of equation (1.2) subject o the following con- 
ditions: 
(i) a and ~- are polynomials of degree not greater than 2 and 1, respectively; 
(ii) the coefficients of the polynomials cr and T are independent on degree n, with the only 
exception of An; 
(iii) all the zeros of the polynomial solutions are simple. 
All hypotheses (i)-(iii) are clearly satisfied by the differential operators that define the classical 
orthogonal polynomials. 
Let xt (l = 1 , . . . ,  n) be the simple zeros of polynomial solutions of equation (1.2). By assuming 
yr  = r , (1 .3 )  
l= l  
Case's result provides a method for computing all the y. by means of recurrence relation 
2 
2E -a(01) 1) ~r+j = Yr -- Yr+l, r >_ 0 (1.4) 
j=0 
where 
j(2) = E (xtl)r (1.5) 
(the symbol ~--~¢ means that the sum runs over all lj ( j  = 1, . . . ,  n), subject o the condition that 
all I are different). 
We consider the normalized ensity distribution of zeros xz (l = 1 , . . . ,  n) of polynomial solu- 
tions of equation (1.2): 
1 E ~ (x - xk,n), 5 (x - Xk,n) = Dirac delta; (1.6) = 
k=l  
then, by means of (1.3), we can obtain the following moments about the origin of (1.6): 
1 
#~(n) = n Yr, r = 0, 1 , . . . .  (1.7) 
In the same hypotheses (i)-(iii), Ricci [7] has derived a representation formula for the sum 
rules (1.5) in terms of the Yt (t <_ r - 1), by using generalized Lucas polynomials of the second 
kind (see IS]). 
Here it is our purpose to extend Case's method and the representation formula of Ricci in order 
to investigate the distribution of the zeros of RHP and RLP by means of its moments. Therefore, 
we will assert hat the preceding hypothesis (ii) is unnecessary and, consequently, Case's method 
and the representation formula of Ricci are still valid in the cases of the polynomial solutions of 
generalized hypergeometric-type. 
The paper is structured as follows. Section 2 and Section 3 are devoted to a sketch of the 
basic properties of the RHP and RLP. In Section 4, we briefly summarize the main result of the 
representation formula, of Ricci, for the sum rules (1.5). Finally, several applications to various 
cases for RHP and RLP, by means of the FORTRAN program named "Momenti," are contained 
in the Appendix. This program allows us to obtain some numerical values which are in accord 
with the values obtained by Zarzo, Dehesa, and Torres in [9] by using different methods (see [5,6]). 
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2. THE RHP 
AND THEIR  PROPERTIES  
A relation between the wave functions qtn(t,~,p;N) of the quantum relativistic harmonic 
oscillator and the RHP {H (N) (~)}n~=0 has been found by Aldaya, Bisquert, and Navarro-Salas 
in [1]. If we use the notation 
N-  77~C2 03 
t~ ' ~ = - , f~z ,c  
( _~)1/2 V/p 
c~({;N)= 1+ , P°({,p;N)= 2+m2c2o~({;N) 2, 
f (~ ,p ;N) -2mc2 arctan ( x/~ (P° -p+mc) )  
these wave functions can be written as follows: 
ff2n (t, ~,p; N) : e if/h e -inwt 2 -n/2 oL -(n+N) H(n N) (~). 
Here, n is the principal quantum number, w represents the frequency of the oscillator, and p is 
the momentum. 
It is shown (see [1]) that the polynomials Yn (~; N) =- H (g) (~) satisfy the following second-order 
differential equation: 
( __~) 2 n 
1+ y~- -~(N+n-1)~y~+-~(2N+n-1)yn=O,  (2.1) 
and the three-term recurrence relation: 
Hn(N ( n) H(N) n(2N+n-1) (  ~)r4_(N ) +1(~)=2 1+-~ ~ (~)-  g 1+ ~'n-1 (~)" (2.2) 
From these two equations, the following explicit expressions of these polynomials can be obtained 
(see [1]): 
[~/2] 
H(N) (~) = ~ ~n,n-2k~'(g) 2~)n-2k , (2.3) 
k=0 
where a(N) (--1)kn! Nk(N-  1/2)! (2N + n - 1)! 
n,n-2k = k!(n- 2k)! ( ~  - 1-~! (2--~)))d (--2-N=---1-)!" 
The investigation of the distribution of nodes of wave functions of the relativistic harmonic 
oscillator is then reduced to the study of distribution of zeros of the RHP. 
The polynomials H (N) (~) are called Relativistic Hermite Polynomials (RHP) because they 
reduce to the well-known classical orthogonal Hermite polynomials in the nonrelativistic limit 
N --* ¢x~. 
Recently Zarzo and Martinez have studied some properties of these polynomials and have 
shown, in [10], that the RHP constitute an orthogonal polynomial system on the real axis with 
respect to the varying measure (1+~2/N) -(N+n) d~, and consequently, each H (g) (~) has exactly n 
real and simple roots, lying symmetrically with respect o the origin. Subsequently, Zarzo, 
Dehesa, and Torres, in [9], have extended some properties, satisfied by the hypergeometric-type 
functions, to the RHP that are solutions of a differential equation of the type (1.1) and that, 
therefore, are generalized hypergeometric-type functions. Nagel, in [11], has besides hown a 
relation between the RHP and the classical orthogonal Gegenbauer polynomials (ultraspherical 
polynomials). 
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3. THE RLP  
AND THEIR  PROPERT IES  
A new set of orthogonal polynomials (L (~'N) (x)}~=0, called Relativistic Laguerre Polynomials 
(RLP), depending on a parameter N, has been defined, in [2], by means of the RHP. In [2] it is 
also shown that these polynomials are a solution of the second-order differential equation 
1 d 2 1 [ ( -2N-4n  + 3) ] E L(a, N) 
(x 2 ÷ Nx) ~x 2 L (a'g) (x) + -~ -2 x + (1 ÷ a) N dz n (x) 
[. A 
n (2N÷2n-1)  L("m)(x)=O. (3.1) +~ 
Moreover, the RLP constitute an orthogonal polynomial system on [0, ÷co) with respect o the 
varying measure xa (1 ÷ x/N) -(N+2n+a+l/2) dx, and consequently, each L (a'N) (x), has exactly n 
real and simple roots, lying in [0, ÷co). 
The following results, for the RLP, hold true (see [12]). 
PROPOSITION 1. For every n E N (n > 1) and a > -1, the following representation formula for 
the polynomials L (a'g) (x) holds true 
L(a'N)(x)=£ ,n--i/(n'÷(~ ~l (l÷2k.÷l~2N// (-x)ii, (3.2) 
i----0 k=n- i  
REMARK 1. In (3.2) we assume 
o-1(  _2k + 
1-I 1÷ 2N ]=1.  
k=n 
PROPOSITION 2. For every n E N (n _> 1) and a > -1,  the following formula holds true: 
(2N÷4n.÷2~-l) ,,..T.(a+I,N ) (X )  r.(a,N ) 
2N .~a.Jn_ 1 (x )=(n÷~)  1 .÷~ ~n- -1  (x)--nL(a'N)(x) • (3.3) 
By using the differential formula (3.3) and equation (3.1) and, moreover, by putting the nota- 
tions 
1 [2N ÷4n ÷ 2a-  (2i ÷ 1)] i = 0, 1, 2, (3.4) A~ = A~(a, n, N)  = 
1 [2N ÷ 2n - (2j ÷ 1)] j = 0, 1, (3.5) Bj = Bj(n,N) = ~-~ 
we can obtain, for every n E N (n > 1) and a > -1,  the following three-term recurrence relation: 
{ n x } n X÷~00i [1"÷0~-- (~÷B1) x] ÷ (n-AoAll) B1 (1÷~) L(a'N)(x) 
x{  x ~ AOq-A2) [1 o~ -n  Bl) X]} L(a'N) _ (nAo÷a) (1÷~)  (n-1) B l ( l÷~)  \ -A;~4-2 ÷ ÷ (N ÷ -n-, (x) 
(n + i) B, (i + x ]3 
- AiA2 - ~ .  ~ 'n -2  (x ) ,  
(3.6) 
where L21 ~) (~) = 0 ~',d L~o °'~) (~) = 1. 
REMARK 2. We can observe that all properties of RHP (Section 2) and RLP (Section 3) reduce to 
the well-known properties of classical orthogonal Hermite and Laguerre polynomials, respectively, 
in the nonrelativistic limit N --* co. 
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4. THE REPRESENTATION FORMULA 
FOR THE SUM RULES --'Jtri) 
A representation formula in terms of generalized Lucas polynomials of the second kind for the 
sum rules j(i), which appear in recurrence relation (1.4) of Case's method, has been derived by 
Ricci in [7]. 
By running over the proof of this result, we can assert that the representation formula is still 
valid in the cases of  the polynomial  solutions of generalized hypergeometric-type (1.1). 
As a matter of fact, assume for any fixed n, the following form for a polynomials olution of 
equation (1.1) or (1.2): 
yn(X)  = X n --  U l  xn -1  q- U2X n -2  . . . .  -Jr ( -1 )nUn,  (4.1) 
and consider the elementary symmetric functions of the zeros of Yn: 
uo = l ,  Ul = x~, u2 = xi x j ,  . . . ,  un = x l  x2 . . . x~. 
i=1 i< j  
By Newton's formulas it is possible to express Yl,--., Y,~ (see (1.3)) in terms of u l , . . . ,  u,~: 
Yl = Ul, 
Y2 = Ul Yl -- 2U2 = U 2 -- 2U2, 
Y3 = uly2 -- u2yl  + 3U3 = U 3 -- 3UlU2 + 3U3, (4.2) 
Yn = UlYn--1 -- U2Yn--2 + "'" + ( - -1)n- - lnun 
and vice-versa: 
Ul : Yl, 
1 1 
u2 = ~ (ulyl - y2) = ~ (d  - Y2), 
1 1 
u3 = -~ ( -u ly2  + u2yl  + Y3) = -~ (y3 _ 3yly2 + 2y3), (4.3) 
1 
u,  = - { [ ( -1 ) "u ly , _1  + (-1)"-~u2yn_2 + - + U~-lY~] + (-1)"-~Yn} -
n 
Consider furthermore the Lucas polynomials of the second kind in n variables, ~k (u l , . . . ,  u , ) ,  
defined by the recurrence formula (see [8]) 
(I:~--I (Ul . . . .  , Un)  = gO (U l , . . . ,Un)  . . . . .  (I}n--3 (U l , . * . ,Un)  = 0 
q~n-2 (u l , . . . ,Un)  = 1 k > n - 1. 
(4.4) 
Ck (ul,... ,u~) = UlC~k-1 (ul,... ,u~) + u2~k-2 (ul,... ,u~) 
+... + (-1)~- lu ,~k- ,  (Ul,..., u~) 
Then, even under the more general assumptions considered here (i.e., avoiding condition (ii)), 
the following result holds true (see [6]). 
PROPOSITION 3. For anyn•N (n>2) , r•N0:=Nt2{0}, i•Nandsuchthat2<i<n,  the 
sum rules j ( i )  can be represented by the formula 
n- i  
J ( r i )=( i -1 ) 'E ( -1 )k (n -k )  i Uk~+r-~-k -1  (Ul . . . .  ,Un) .  (4.5) 
k=0 
In the part icu lar  case i = 2, we have 
n--2 
2 ukCn+r -k -3  (u l , . . . ,  un) .  (4.6) 
k=O 
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APPENDIX  
APPL ICAT IONS 
Here we consider some particular applications about the calculation of the moments of the 
density distribution (1.6) of zeros of the RHP and RLP. By using the recurrence r lation (1.4) and 
the representation formula (4.6), we have determined for each of the considered examples ome 
of the moments for these orthogonal polynomials, by varying the parameter N and the degree n, 
and also the most important  statistical parameters, i.e., the mean value M, the variance ~r 2, the 
Fischer coefficient ~/1 and the Pearson index V2 (or kurtosis). A plot of Vr~ and V2 as functions 
of increasing values of N and n are also shown. 
The results have been obtained by using a special FORTRAN program named "Momenti," 
which is actually available. 
It is worthwhile to notice that  by assuming large values for N, the moments and the statistical 
parameters tend to the corresponding values generated by the classical Hermite or Laguerre 
polynomials. 
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(Y) 
APPL ICAT ION 1. H lO 0 (x ) .  
N -= 5 N- -10  N=-15 N- -20  N=25 
/,~ 0.000000000D+00 0.000000000D+00 0.000000000D+00 0.000000000D+00 0.000000000D+00 
/z~ 0.450000000D+02 0.471428571D+02 0.479032260D+02 0.482926829D+02 0.485294118D+02 
tt~ 0.000000000D+00 0.000000000D+00 0.000000000D+00 0.000000000D+00 0.000000000D+00 
tz~ 0.189865385D+05 0.137007098D+05 0.112432103D+05 0.984863938D+04 0.895316478D+04 
#~ 0.000000000D+00 0.000000000D+00 0.000000000D+00 0.000000000D+00 0.000000000D+00 
#~, 0.126935481D+08 0.632467818D+07 0.411559079D+07 0.307105564D+07 0.248059640D+07 
#~ 0.000000000D+00 0.000000000D+00 0.000000000D+00 0.000O00000D+00 0.000000000D+00 
#~ 0.961143912D+10 0.340377908D+10 0.177301045D+10 0.113017482D+10 0.811116307D+09 
M 0.000000000D+00 0.000000000D+00 0.000000000D+00 0.000000000D+00 0.000000000D+00 
cr 2 0.450000000D+02 0.471428571D+02 0.479032260D+02 0.482926829D+02 0.485294118D+02 
71 0.000000000D+00 0.000000000D+00 0.000000000D+00 0.000000000D+00 0.000000000D+00 
72 0.637606838D+01 0.316469038D+01 0.189960209D+01 0.122292694D+01 0.801600915D+00 
25 
20 \ 
Figure 1. Variance and kurtosis of \ 
the zero's distr ibution of the RHP 15 \ ~var lance  
of degree 100 in terms of the rela- \ - -  - -  - -  kurtosis 
tivistic parameter  N (varying from 10 \ 
1/2 to 25). \ 
o ' ' ' ' ' N 
APPLICATION 2. H(~l°)(x). 6 10 15 20 2S 
n= 110 n= 130 n= 150 n= 170 n= 190 
/~ 0.000000000D+00 0.000000000D+00 0.000000000D+00 0.000000000D+00 0.000000000D+00 
~ 0.519047619D+02 0.614285714D+02 0.709523810D+02 0.804761905D+02 0.900000000D+02 
,u~ 0.000000000D+00 0.000000000D+00 0.000000000D+00 0.000000000D+00 0.000000000D+00 
tt~ 0.177819481D+05 0.281922804D+05 0.419941142D+05 0.596606822D+05 0.816652174D+05 
p~ 0.000000000D+00 0.000000000D+00 O.000000000D+00 0.000000000D+00 0.000000000D+00 
#~ 0.976990463D+07 0.210826727D+08 0.410123485D+08 0.737321240D+08 0.124583400D+09 
tt~ 0.000000000D+00 0.000000000D+00 0.0000000O0D+00 0.000000000D+00 0.0O0000000D+00 
#~ 0.626611767D+10 0.184402548D+11 0.469114039D+11 0.106829671D+12 0.222982494D+12 
M 0.0O0000000D+00 0.000000000D+00 0.000000000D+00 0.000000000D+00 0.000000000D+00 
~2 0.519047619D+02 0.614285714D+02 0.709523810D+02 0.804761905D+02 0.900000000D+02 
71 0.000000000D+00 0.000000000D+00 0.000000000D+00 0.000O00000D+00 0.000000000D+00 
72 0.360031911D+01 0.447118301D+01 0.534169828D+01 0.621198868D+01 0.708212560D+01 
10 
9 
8 
Figure 2. Variance and kurtosis of 7 ~ ~ " 
the zero's distr ibut ion of the I=CHP 6 ~ ~- ~ 
with relativistic parameter  N = 10 5 ~. ~-- ~ 
in terms of the quantum princi- 4 ~"  "~ "~ " "  ~var lance  
pal number  n (varying from 110 to 3 - -  - -  - -  kurlosis 
190). 2 
1 
0 ' J ' ' I1  
110 130 150 170 190 
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APPLICATION 3. L~O1/2'N)(x). 
N=5 N=I0  N=I5  N=20 N=25 
/,t~ 0.904545455D+02 0.947619048D÷02 0.962903290D+02 0.970731707D+02 0.975490196D+02 
/~ 0.139689018D+06 0.944421079D÷05 0.735689262D+05 0.617535133D+05 0.541761559D÷05 
/~ 0.355884699D+09 0.158832463D+09 0.942086292D+08 0.649642065D+08 0.490272901D+08 
~ 0.102963201D+13 0.313495507D+12 0.143483605D+12 0.817827111D+11 0.532382148D+11 
#~ 0.311768728D÷16 0.661619748D+15 0.236178508D÷15 0.111949287D+15 0.630963183D+14 
#~ 0.961977571D+19 0.144256427D+19 0.404797403D+18 0.160347005D+18 0.785005166D+17 
~ 0.299316674D+23 0.31998076D+22 0.709874636D+21 0.235885840D+21 0.100576810D+21 
/~ 0.934919557D+26 0.716540617D÷25 0.126200252D+25 0.352827013D÷24 0.131304015D+24 
M 0.904545455D+02 0.947619048D+02 0.962903290D+02 0.970731707D+02 0.975490196D+02 
a 2 0.131506993D+06 0.854622893D+05 0.642970987D+05 0.523303128D~-05 0.446603447D+05 
'71 0.669870752D+01 0.535085958D+01 0.458436566D+01 0.407734586D+01 0.371149192D+01 
~f2 0.494759209D+02 0.323428166D+02 0.238577058D+021 0.188307566D+02 0.155152309D+02 
400 
Figure 3. Variance and kurtosis of 300 
the zero's distribution of the RLP 250 
of degree 100 (with parameter c~ -- ~ - ~  
-1 /2 )  in terms of the relativistic 200 
parameter N (varying from 1/2 to 150 - -var iance  
25) .  100 - -  - -  - -  kurtosis 
50 "~ - -  ~ 
o , , , , , N 
APPLICATION 4. L(-1/2'1°)(x). 6 10 15 20 26 
n= 110 n= 130 n= 150 n= 170 n= 190 
#~ 0.I04285714D+03 .123333333D+03 .142380952D+03 .161428571D+03 ,180476190D+03 
/~ 0.123840905D+06 .199674879D+06 .301378912D+06 .432738864D+06 ,597540599D+06 
/~ 0.249806498D~-09 .554947604D-I-09 .II0401566D+I0 0.202047808D+I0 0,346380042D+ I0 
~ 0.591669717D+12 0.181228867D+13 0.475435301D+13 0.110938148D+14 0.236179367D+14 
/~ 0.149860709D+16 0.632997264D+16 0.219002644D+17 0.651596132D+17 0.172275116D+18 
~ 0.392161605D+19 0.228439776D+20 0.I04236484D+21 0.395457762D+21 0. 29848031D-{-22 
/~ 0. I04403388D+23 0.838741082D+23 0.504760597D÷24 0.244187318D+25 0.995758221Dna25 
p~ 0.280606954D+26 0.310904398D+27 0.246773938D+28 0.152229183D+29 0.770951109D+29 
M 0.104285714D+03 .123333333D+03 .142380952D+03 .161428571D-{-03 .180476190D-{-03 
a2 0.112965394D+06 .184463768D+06 .281106576D+06 .406679681D+06 .564968944D+06 
q'z 0.561868158D+01 .611947111D+01 .658244977D+01 .701505229D+01 .742255991D+01 
q'2 0.358044735D+02 .427298454D+02 .496571384D+02 .565857338D+02 .635152523D-{-02 
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Figure 4. Variance and kurtosis 600 
of the zero's distribution of the 500 
RLP (with parameter a = -1 /2 )  
with relativistic parameter N = 10 400 
in terms of the quantum princi- 300 var iance  
pal number n (varying from 110 to 200 - -  - -  - -  kur tos i s  
190). 100 
0 . . . .  ~- - -  - -  I i i n 
110 130 150 170 190 
Moments of the Density 95 
T(1/2 N),  
APPLICATION 5. /~100 ' (x). 
N=5 N=10 N=15 N=20 N=25 
~z~ 0.913636364D+02 0.957142857D+02 0.972580710D+02 0.980487805D+02 0.985294118D+02 
/z~ 0.142441020D+06 0.962671695D+05 0.749671575D+05 0.629102777D+05 0.551781109D+05 
/z~ 0.366444305D+09 0.163446418D+09 0.968934710D+08 0.667838280D-F08 0.503790855D+08 
/z~ 0.107055988D+13 0.325689125D+12 0.148954727D+12 0.848448556D+11 0.551984839D+11 
/z~ 0.327335140D+16 0.693935174D+15 0.247483126D+15 0.117208683D+15 0.660099188D+14 
/~ 0.I01989749D+20 0.152751404D+19 0.428152226D+18 0.169424768D+ 18 0.828673605D-{- 17 
/z~ 0.320445482D+23 0.342069316D-I-22 0.757876656D-{-21 0.251534303D-I-21 0.107131454Dq-21 
/z~ 0.101071623D-1-27 0.773341934D-F25 0.135998516D-I-25 0.379697343D+24 0.141125919D+24 
M 0.913636364D+02 0.957142857Dq-02 0.972580710D+02 0.980487805D-F02 0.985294118D-I-02 
o .2 0.134093706Dq-06 0.871059450D+05 0.655080251D+05 0.532967143D+05 0.454700659D+05 
V~ 0.669866078D+01 .535073247D+01 .458414441D+01 .407702341D-F01 0.371106554D+01 
V2 0.494753741D+02 .323415729D+02 .238558064D+02 .188282648D+02 .155122082D-F02 
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Figure 5. Variance and kurtosis of 300 
the zero's distribution of the RLP 250 
of degree 100 (with parameter c~ ---- 
1/2) in terms of the relativistic pa- 200 
rameter N (varying from 1/2 to 150 var iance 
25) .  100  - -  - -  - -  kur tos i s  
50  " "  "-" ~ ~ 4 _  
0 I I I I I N 
APPLICATION 6. L(1/2'1°)(x). 5 10 15 20 25 
n= 110 n= 130 n--- 150 n= 170 n - -  190 
p~ 0.105238095D+03 0.124285714D+03 0.143333333D+03 0.162380952Dq-03 0.181428571D+03 
/~ 0.126022074Dq-06 0.202662910D+06 0.305300000Dq-06 0.437719205Dq-06 0.603706389D+06 
~ 0.256420149D-I-09 0.567429747D+09 .112560297D+I0 0.205542186D+I0 0.351750504D-I- i0 
#~ 0.612637028D-F12 0.186682228D+13 0.487867327D+13 0.I13503149D+14 0.241073562D+14 
/z~ 0.156526993D+16 0.656892367D-F16 0.226183458D+17 0.670480681D-{-17 0.176748762D+18 
/~ 0.413185357D+19 0.238825891D+20 0.108350958D+21 0.409250189D+21 0.133904623D+22 
f~ 0.II0961745D+23 0.883395478D-I-23 0.528080517D+24 0.254151704D+25 0.I03214466D+26 
/~ 0.300840441D+26 0.329892058D-I-27 0.259845859D+28 0.159348894D+29 0.803230199D+29 
M 0.105238095D+03 0.124285714D+03 0.143333333D+03 0.162380952D+03 0.181428571D+03 
(72 0.I14947018D+06 0.187215972D+06 .284755556D-{-06 .411351632D-I-06 0.570790062D-I-06 
3'1 0.561858021D-b01 0.611940284D+01 .658240123D+01 .701501634D+01 .742253240Dq-01 
~/2 0.358034285D+02 .427290777D-I-02 0.496565506D+02 .565852695D+02 .635148763D+02 
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Figure 6. Variance and kurtosis 600 
of the zero's distribution of the 500 
RLP (with parameter c~ = 1/2) 
with relativistic parameter N = 10 4@0 
in terms of the quantum princi- 300 ~ v a r l a n c e  
pal number n (varying from 110 to 200 - -  - -  - -  kur tos i s  
190). 
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T(O,N) 
APPL ICAT ION 7. ~100 (X). 
N=5 N=IO N=15 N=20 N=25 
/~ 0.909090909D+02 0.952380952D-I-02 0.967742000D+02 0.975609756D÷02 0.980392157D+02 
/~ 0.141061666D+06 .953524598D-{-05 .742664029D+05 .623305618D-{-05 .546759954D+05 
/~  0.361138778D-I-09 0.161128440D+09 0.955447736D+08 0.658698399D+08 0.497001360D+08 
~ 0.I04994640D-}-13 0.319548718D+12 0.146199992D+12 0.833032490D+I 1 0.542117209D-{- 11 
~ 0.319476101D-+- 16 0.677623419D+15 0.241778004D+15 0.I14554870D+15 0.645399901D+14 
]~ 0.990584836D-}-19 0.148453300D+19 0.416338441D+18 0.164833867D+18 0. 06593495D-{-17 
#~ 0.309726688D+23 0. 30867123D+22 0.733539313D+21 0.243602474D-{-21 0.I03809849D÷21 
/~  0.972171746D+26 0.744467483D+25 0.131019291D+25 0.366046638D+24 0.136137557D+24 
M 0.909090909D+02 0.952380952D-F02 0.967742000D-{-02 0.975609756D+02 0.980392157D-I-02 
a 2 0.132797203D-{-06 .862821650DT05 .649011571D-}-05 .528124179D+05 .450643076D+05 
q'1 0.669868398D+01 .535079542D-{-01 .458425426D+01 .407718352D-k01 .371127730D+01 
~'2 0.494756455D-I-02 0.323421903D+02 0.238567494D+02 0.188295021D+02 0.155137093D+02 
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Figure 7. Variance and kurtosis of 250 
the  zero's distr ibut ion of the RLP  
of degree 100 (with parameter  ~ ~- 200 
0) in te rms  of the relativistic para- 150 ~ variance 
meter  N (varying from 1/2 to 25). 100 - -  - -  - -  kurtosis 
0 ' ' ' ' ' N 
r(o,10) APPL ICAT ION 8. ~n (X). 5 10 15 20 25 
n= 110 n= 130 n=150 n=170 n---- 190 
/~ 0.I04761905D÷03 .123809524D+03 .142857143D-{-03 .161904762D+03 .180952381D-}-03 
~ 0.124929114D+06 .201166124D+06 .303336291D-{-06 .435225476D+06 . 00619541D-}-06 
/z~ 0.253098932D+09 0.561165550D+09 0.111477449D+10 0.203790005D+ 10 0.349058389D+ 10
/z~ 0.602084949D+12 0.183940395D+13 0.481621237D+13 0.112215153D+14 0.238617055D-F 14
/z~ 0.153164847D+16 0.644856296D+16 0.222569888D+17 0.660984462D+17 0.174500472D-{-18 
1~ 0.402559148D+19 0.233584740D+20 0.106277131D-F21 0.402304727D+21 0. 31863329D+22 
~ 0.I07639768D+23 0.860820156DT23 0.516307727D+24 0.249126816D+25 0.i01381154D-{-26 
~ 0.290569654D+26 0.320275140D+27 0.253236112D+28 0.155753448D+29 0.786945858D+29 
M 0.104761905D+03 .123809524D+03 .142857143D+03 .161904762D+03 .180952381D+03 
cr 2 0.113954057D+06 0.185837326DOc06 0.282928128D+06 0.409012324D+06 0.567875776D+06 
~I 0.561863056D-{-01 .611943679D+01 .658242539D-{-01 .701503424D-{-01 .742254610D-}-01 
"/2 0.358039476D+02 0.427294594D+02 0.496568431D+02 0.565855007D+02 0.635150636D+02 
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Figure 8. Variance and kurtosis of 500 
the  zero's distr ibut ion of the  I:tLP 
(with parameter  a = 0) with rela- 400 
tivistic parameter  N = 10 in terms 300 - -var iance  
of the  quantum principal number  
n (varying from 110 to 190). 200 - -  - -  - -  kur tos is  
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